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Helping children develop key ideas in their learning of measurement
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The use of measurement is a prominent feature of our lives, often involving estimation (Northcote & McIntosh, 1999; Zevenbergen & Zevenbergen, 2004), but with actions that affect precision and accuracy being important elements of the measurement process (Wilson & Osborne, 1992) especially in occupations such as nursing (Gillies, 2004). The science of measurement is inherently imprecise, due to characteristics of measurement devices and the way people use these devices (Lehrer, 2003; Wilson & Osborne, 1992). Judgment, perception and decision making, such as to the size of the unit, contribute to this imprecision. It is important that children understand such processes and their involvement in these as a part of measurement and that they have a good understanding of a range of key measurement ideas that underpin what they do. 
Key ideas of measurement 

In learning about measurement during elementary schooling, students learn about several attributes of measurement including length, area, angle and volume. As stated by Wilson and Osborne (1992):

Although measurement concepts are complex and cause children a variety of difficulties, the basic idea of direct measurement is quite simple. A continuous property such as area, length, or angles must be subdivided into discrete parts so they can be counted. Second, the unit is repeated, dividing the object into several subdivisions with perhaps a fraction of a unit left over. Finally the units are counted to produce a measurement of the object. Indirect measurements such as temperature, rate or density are more complex but still involve counting appropriate units. (p. 91)

Stephan and Clements (2003) warn us that the complex mental accomplishments within measuring are often downplayed in typical measurement teaching. Kamii and Clarke (1997) believe that typical instruction focuses more on measurement as an empirical procedure, such as placing paper clips along a pencil and counting them, rather than a procedure requiring reasoning. 

Identification of key or big ideas in measurement can help us consider the reasoning that is required. 

In 1992 Wilson and Osborne proposed a set of six foundational ideas of measure, the teaching of which they believed could help children develop their understandings of specific measurement systems and help children transfer concepts, where appropriate, from one measurement system to another. In a more recent paper, Lehrer (2003) wrote of eight components that he saw as “some of the most prominent conceptual foundations” of measure and that he believed form the basis for “a network or web of ideas related to unit” (p. 181). A publication by Lehrer, Jaslow, and Curtis (2003) described seven important ideas specifically in length measurement, divided into two categories: conceptions of unit and conceptions of scale. The big ideas discussed below as listed by Stephan and Clements (2003) also relate specifically to the concept of Length. Kamii and Clarke (1997) remind us that the purpose of measuring length is to compare two things that cannot be compared directly. Informed by the work of Piaget and their own research, they believe that the two mental abilities of transitive reasoning and unit iteration are necessary in measuring of length. Key measurement ideas proposed by these authors will now be discussed, but with the discussion focusing largely on the concept of length, as this is the first attribute usually encountered by children in their formal learning of measurement at school. The application, or not, of these concepts to different attributes of measure is not discussed in detail but it is acknowledged that other lists might be given. For example, for Area, Stephan and Clements (2003) discuss partitioning, unit iteration, conservation, and structuring an array as four foundational concepts. 

The key ideas identified by the different authors are listed in Table 1 and then described in more detail below (in alphabetical order).

Table 1: Key measurement ideas identified by different authors
	Measurement
	Length

	Lehrer (2003)
	Wilson & Osborne (1992)
	Kamii & Clarke (1997)
	Lehrer et al. (2003)
	Stephan & Clements (2003)

	Unit-attribute relations

Iteration

Tiling

Identical units

Standardisation

Proportionality

Additivity

Origin (zero-point)
	Number assignment

Comparison

Congruence

Unit

Additivity

Iteration
	Unit iteration

Transitivity
	Conceptions of unit:

· Iteration

· Identical unit

· Tiling

· Partition

· Additivity

Conceptions of scale:

· Zero-point

· Precision
	Partitioning

Unit iteration

Transitivity

Conservation

Accumulation of distance

Relation to number


Additivity: Wilson and Osborne (1992) state that, “measurement of parts can be added to obtain the measurement of the whole” (p. 94). Lehrer (2003) and Lehrer et al. (2003) also identify this as an important measurement idea, noting, for example, that a line segment can be divided into smaller line segments whose sum equal the original length (Lehrer, 2003). Importantly, Lehrer also identifies the key idea that although two paths may begin and end at the same point, their lengths may be different because the sum of parts of one path are greater than the sum of parts for the other path. Related to conservation is the understanding that the length of an object is not affected if it is moved to a new point. 

Accumulation of distance: Stephan and Clements (2003) defined accumulation of distance as meaning “the result of iterating a unit signifies, for students, the distance from the beginning of the first iteration to the end of the last” (p. 6). 

Comparison: Wilson and Osborne (1992) refer to the importance of understanding that “like properties can be compared to see which is greater”. They state that, “the method of comparing properties varies from measurement system to measurement system” (p. 92). 

Congruence: Once again, this key idea is identified only by Wilson and Osborne (1992) who state that “figures can be compared if they coincide when superimposed” (p. 93). They note that while it is reasonable to think about congruence in relation to length and area, it does not apply to systems such as temperature or time as it applies only to geometric figures. 

Conservation: Conservation relates to an object retaining its size when moved or sub-divided (Wilson & Rowland, 1993). Stephan and Clements (2003) discuss conservation specifically in relation to length: “conservation of length is the understanding that as an object is moved, its length does not change” (p. 5). 

Identical unit: It is stated that units or subdivisions must be identical, as then a count can represent the measure (Lehrer, 2003; Lehrer et al., 2003). When mixed units are used, such as metres and centimetres, each must be named specifically, along with the appropriate number, for example, something may be 2m and 35 cm tall, not 37 tall. Wilson and Osborne (1992 imply the importance of identical units when speaking of the iteration of the unit, that is, iteration of the same (or identical) unit. 

Iteration: This foundational idea refers to the subdivision of the whole into congruent parts and translating that unit successively (Lehrer, 2003). Wilson and Osborne (1992) state that, “A unit can be repeated to ‘cover’ the property being measured. The number of iterations is the number assigned to that measurement” (p. 94). Kamii and Clarke (1997) make it clear that unit iteration is demonstrated when only one unit is used and moved along the length, that is, the one unit is used repeatedly. For example, the length of a small block is seen as part of a whole and then used repeatedly. They believe that unit iteration is constructed out of transitive reasoning, in that, where transitivity involves the comparing whole units, unit iteration involves making a part-whole relationship between two wholes. 

Number: Wilson and Osborne (1992, p. 92) state that “for every measurement there is a single number to represent that measurement. The number reports how many units in that measurement”. Although Number is not listed as a key idea by Lehrer and his colleagues, the importance of the number appears to be inherent within the concept of unit. Indeed it with units that the number becomes meaningful.

Origin/Zero point: Another important understanding that has been identified is that when using a scale to measure it is important to identify the zero point, and that any point can serve as the zero point or origin on a scale (Lehrer, 2003; Lehrer et al., 2003). For example, as stated by Lehrer (2003,) the distance between 0 and 10 is the same as the distance between 30 and 40. Under the heading of Conceptions of Scale, Lehrer at al. (2003) include Zero-point.

Partition/ing: When speaking of units, Lehrer et al. (2003) add that an important understanding is that units can be partitioned. Stephan and Clements (2003) describe partitioning as “the mental activity of slicing up the length of an object into the same-size units” (p. 4). They note that partitioning a unit is non-trivial for students, as they have to mentally see that the unit can be cut up before they physically do this. Stephan and Clements speak also of students eventually coming to understand that length is continuous and can be further partitioned. 

Precision: As discussed above, all measurement is approximate. Lehrer et al. (2003) point out that a key idea for children to come to understand is that the choice of unit determines the level of precision. This understanding of precision is categorised under Conceptions of Scale. 

Proportionality: Again, only Lehrer (2003) identifies this as a key idea within measurement. This understanding is that different-sized units can be used to measure the same thing. Thus different quantities can represent the same measure, these quantities being inversely proportional to the size of the units used. 

Relation to number: Stephan and Clements (2003) state that an important understanding is that “Measurement is related to number in that measuring is simply a case of counting. However, measurement is conceptually more advanced since students must reorganise their understanding of the very objects they’re counting (discrete versus continuous units)” (p. 7). 

Standardisation: Only Lehrer (2003) identifies Standardisation as a key idea within measurement. He refers to the use of standard units facilitating communication of measures. 

Tiling: Tiling refers to the idea that the units must fill the space, that gaps must not be left between the units (Lehrer, 2003; Lehrer et al., 2003) and that there should be no overlaps (Wilson & Osborne, 1992). As stated by Lehrer (2003, p. 181), “Tiling (space-filling) is implied by subdivision of lengths, areas, volumes, and angles, but this implication is not apparent to all children”. 

Transitivity: Transitive reasoning applies when comparing two items where direct comparison is not possible (Kamii & Clarke, 1997; Stephan & Clements, 2003). Use of a third item allows comparison, and is dependent on understanding of the following relationships:

If Length A > Length B, and Length B > Length C, then Length A > Length C

If Length A < Length B, and Length B < Length C, then Length A < Length C

If Length A = Length B, and Length B = Length C, then Length A = Length C

Transitivity reasoning involves deducing a relationship from two or more relationships of equality of inequality (Kamii & Clarke, 1997).

Unit/Unit-attribute relations: A key idea identified by a range of researchers is the understanding of unit. Wilson and Osborne (1992) and Lehrer (2003) identified the importance of the unit in terms of what is to be measured, that is, the unit needs to be compatible with the property or attribute to be measured. Lehrer (2003) referred to this as Unit-attribute relations. 

Lehrer et al. (2003) included the concept of unit as a category within which they placed the ideas of Iteration, Identical unit, Tiling, Partition, and Additivity.

While there is some variation in the important measurement ideas identified by researchers, these can be informative for teachers. For example, Lehrer (2003) discusses his eight components of measurement in relation to the measurement concepts of length, area, volume, and angle. Lehrer (2003) believes that “studies conducted in the last two decades suggest that children’s developing sense of measurement is marked by gradual coordination and consolidation of these components” (p. 182). He suggests also that understanding of the eight components can be extended from one attribute to another. Wilson and Osborne (1992) also believe that developing understanding of the six foundation ideas identified by them can save time if children are encouraged to look for transfer from one measurement system to another. However, they also note that the six foundational ideas that they have discussed do not all apply to all measurement attributes or systems. 

Background

Much research on the learning of measurement is influenced by the work of Piaget and his colleagues. Piaget, in identifying stages of development in coming to understand measurement concepts such as conservation, the idea of a unit, transitivity, and iteration (Carpenter, 1976; Wilson & Rowland, 1993), focused on the development of cognitive abilities within the individual. 

Piaget believed that conservation is a necessary part of understanding the measurement process. As stated above, conservation relates to an object retaining its size when moved or sub-divided. A child who is not conserving makes one-dimensional perceptual judgements. For example, when comparing lengths the child makes visual comparisons only, pays attention to end points and does not take account of undulations (Carpenter, 1976). Children come to understand that, when measuring, a unit is taken from the whole and transposed onto the whole through subdivision and change of position. Within this process the size of the unit remains the same (conservation) and the unit is used iteratively, that is, it is seen as part of the whole and is used repeatedly. These are referred to as logical-mathematical invariants of measurement (Nunes, Light, & Mason, 1991). 

Piaget proposed also the need for an understanding of transitivity for a child to measure in an operational manner (Carpenter, 1976; Kamii & Clarke, 1997; Wilson & Rowland, 1993) and he proposed age related stages at which children develop understandings of measure (Carpenter, 1976). 

There have been a number of studies that confirm or challenge Piaget’s findings (Carpenter, 1976; Kamii & Clarke, 1997; Lehrer, 2003; Stephan & Clements, 2003). For example, Carpenter reports that studies of conservation tended to show a common pattern generally confirming the work of Piaget but that the sequence of development of transitivity and conservation, seen as synchronous by Piaget and his colleagues, was not clear within research that has followed. 

Further, research on length and area suggests also that these concepts do not necessarily develop simultaneously as reported by Piaget. For example, Nunes, Light, and Mason (1993) found differences in children’s abilities to calculate length and area using conventional and non-conventional tools. Kamii and Clarke (1997) confirmed part of Piaget’s work but suggest a difference in the age when students construct unit iteration. Wilson and Rowland (1993) refer to studies that found children achieving measurement concepts at different ages from those identified by Piaget and his colleagues. From his review of measurement research, Carpenter (1976) concluded that “it is all but impossible to establish reliable age norms for the emergence of given operations. There are also some serious problems in identifying the sequence of acquisition of different logical operations” (p. 52). Carpenter (1976) concluded also that 

there has been an exaggerated emphasis on internalised logical-mathematical structures ... The research on measurement suggests it is not the existence of internal logical-mathematical structures that limits performance. Children possess such structures long before they can apply them. No individual task or group of tasks can conclusively demonstrate the existence or otherwise of a give[n] operation. (p. 69)

It appears also that the Piagetian stages do not lead to clear teaching and assessment guidelines (see Carpenter, 1976; Kamii & Clarke, 1997). It is clear that the development of children’s understandings of measurement is complex and that children may possess logical-mathematical structures before they can be demonstrated. Lehrer (2003) reports that studies generally do not support Piaget’s belief that the incomplete development of logical reasoning of relations such as conservation and transitivity constrain children’s ideas about measure. He recommends that rather than delaying instruction until these have been developed, thinking of measure as a network of key ideas that can be developed through activity and focused reflection can be useful to the teacher. That is, the identification and understanding of key or foundational ideas of measurement can provide a developmental context in which to explore measure. 

However, Piaget’s analysis that “suggested that conceptions of spatial measure were not unitary but instead consisted of a web of related constructs leading to eventual construction and coordination of standard units” (Lehrer, 2003, p. 180), appears relevant today. The identification of key measurement ideas suggests, for example, that it is important to distinguish, as did Piaget, “between activity, such as using a ruler, and reflective abstraction on activity, such as understanding the role played by the identical units in the ruler” (Lehrer, 2003, p. 180). 

Implications for teachers

Curriculum documents have traditionally included elements such as awareness of measurement attributes, comparison, use of non-standard units and use of standard units. These may suggest a simplicity to measurement. But it is important that teachers are also aware that a web of ideas underpins the understanding of these elements as the apparent simplicity may lead teachers to underestimate the complex mental accomplishments involved (Stephan & Clements, 2003).

Indeed, the learning of measurement is complex and requires focused activities that include development of appropriate language and elements of reflection that help children draw out the key ideas from activities. A focus on measurement skills, that is, on procedural competence is not enough. An understanding of concepts must also be associated with this. It is useful to refer to a study of the teaching of length in the first year of school where Sullivan and McDonough (2002) found that “the most effective teachers seemed able to articulate focused, developmentally appropriate and engaging activities for their students, and engage them actively in interrogating those experiences” (p. 255). Choosing rich experiences, being clear on the purpose of those experiences, and probing and challenging children’s thinking to help them develop measurement understandings were characteristics of these teachers (McDonough, 2002). Intensive case studies of six highly effective early years teachers within the Early Numeracy Research project (ENRP), a three year study conducted with teachers and children in the first three years of school in 72 schools, gave further insights into of the practices effective teachers. Thorough and careful analysis resulted in a list of 25 features common to the mathematics teaching of these teachers (McDonough & Clarke, 2003). Although the common themes are not listed here in their original and complete wording, it is appropriate to summarise some of those themes by saying that the outstanding teachers 

· had a clear mathematical focus;

· used open-ended tasks;

· asked high level questions;

· challenged without threatening; and

· had high but realistic mathematical expectations.

It is contended that these characteristics of highly effective teachers can apply at grade levels beyond the early years (McDonough & Clarke, 2003) and can relate equally to Measurement as to any other part of the mathematics curriculum. 

Effective teaching of measurement in action

The following discussion considers aspects such as being clear on the focus of a lesson, engaging the children in rich activities, using open-ended tasks to encourage children to think hard and modify their thinking, probing children’s understandings, and helping children reflect on their activity so as to draw out important measurement ideas. 

Among other items, each of the ENRP effective teachers of Length in the first year of school was asked to describe an example of an activity they used in their teaching. As stated above, a particular feature of the teachers was that they seemed able to describe rich experiences for the students and the purpose of those experiences. For example, one teacher of children from largely non-English speaking backgrounds, described a series of lessons following the reading of the storybook The Long Red Scarf (Hilton, 1987):

Well my favourite one … “The Long Red Scarf” and I based the series of lessons on that covering the different [length understandings and skills] …  I had a whole lot of teddies that the children made scarves for and we compared lengths and then we actually taught them how to measure using blocks and bears and things and we measured our scarves and … language because a lot of our children do not have the language so even simple things like longer and shorter …

I started with reading the book and we talked about scarves, then I brought in scarves and we put them on the floor in the middle of the big circle and I spread them out haphazardly and I said well “which scarf here is the longest?” and the children said “have a guess at anything sort of thing” and I have got a very bright boy who said “no you can’t do it like that, you have to line them up” and he lined them up and then someone else said “no but you’ve got to match them at the end” so they matched them at the end … so we got lots of language.

The second lesson … we actually said we were going to make scarves so I gave them paper. … they had to make a scarf long enough to go around their teddy … they proceeded to make their scarves and some of them even decorated them and then we actually compared lengths again so that was all one lesson, they came back and they put their scarves down and we talked about who had the longest and some of them had very long scarves because they had bigger teddies and some had short scarves.

It seems that this teacher had a clear vision of the experiences that were needed, was able to engage the students through the use of a picture story book and related activities, and was not deterred from such a rich experience by the unfamiliarity of some of her students with the language demands. Other effective teachers gave similarly rich examples. 

Another common theme was that these teachers were prepared to probe the thinking and understanding of the children. For example, in response to the same prompt another teacher said:

I always try and make sure that there’s a sharing of findings at the end of each session …and I always ask the kids “how did you obtain such a result?” or “how did you get your answer?”.  So there’s that constant reflection … “if you measured your foot and you found out that it was 22” … also I try and challenge the kids by asking them “if we’ve all measured our feet and we’ve all measured the length of a basketball court and we’ve all got a different response, why is this?” so I’m actually getting them to think a little bit beyond just obtaining a result.

In other words, the teachers seemed to be aware of characteristics of rich experiences and how to use those experiences to extend the students’ thinking. In speaking of getting children to think beyond the result, the teacher demonstrated an example of having high but realistic mathematical expectations and of challenging the children. Effective case study teachers were observed to challenge without providing threat for the learners. 

The above quote illustrates also that with the use of open-ended tasks it is possible to have a meaningful discussion following the activity. In this case children discussed different answers from measuring the basketball court, thus the teacher could help them draw out the importance of measurement principles such as the need to use a common unit, agreement on starting and finishing points, and the importance of measuring in a straight line and not leaving gaps. Such open-ended tasks can be developed for the different mathematical domains (e.g., see Sullivan & Lilburn, 2004). 

Other teachers in the ENRP first year of school classes interviewed regarding Length spoke also of the importance of reflection, and of focusing on “try[ing] not to do as much teaching at the beginning of the lesson [but] doing the teaching at the end of the lesson” and “allow[ing] more time at the end to draw things together and to discuss with children”. One teacher stated:

I think that reflection time is so important, I actually have it planned out more or less what I am going to quite often ask the children or what I hope I will achieve. I think it’s too easy sometimes just to come up with something a bit airy fairy, sometimes I like to be quite specific.

This quote suggests that the teacher had identified a clear mathematical focus for her Length lessons. To plan the reflection she needed to be clear on exactly what were the mathematical understandings she was hoping for the children to develop. 

Kamii and Clarke (1997) also wrote of the value of open-ended tasks suggesting that, for example, rather than asking how may (centimetres, grams …) something is, it can be more motivational for children to measure two things that can not be compared directly. They give the example of children in their first year of school working out how to compare two rugs that cannot be compared directly. A further suggestion is to ask children exactly how much paper they will need to bring from another room to cover the bulletin board. The authors indicate that this might be answered, for example, with use of a string (transitive reasoning), with, for example, use of a pencil (transitive reasoning and unit iteration) or, for example with rulers, or a meter stick.  Another question they suggest is to ask whether a doorway is wide enough for particular table to fit through. Kamii and Clarke believe that these questions require indirect comparison, and encourage children to struggle with problems and debate among themselves. They believe that teachers should pose tasks that help children to think hard and modify their thinking, rather than simply teach empirical procedures such as counting non-standard units. 

In relation to teaching length, McClain, Cobb, Gravemeijer, and Estes (1999) recount episodes in a first grade classroom where children made Smurf Bars made from 10 Unifix cubes (representing 10 cans of Smurf food used by Smurfs for measuring) and then measured longer objects by iterating the bar and counting by tens. After much experience with the Smurf Bar children were challenged to make a new measurement tool and they created a paper strip the same length that they called a ten-strip. Following children’s experiences with iteration of the ten-strip, the teacher created a measurement strip 100 “cans” long. It is reported that in these activities children’s reasoning was the main focus, more so than that all students measured correctly. Indeed when the class reflected, the teacher was reported to call on a range of students including students who had reasoned differently. This gave the opportunity for students to listen to each other and to think about what each person had done, thus requiring them to reason further. It is claimed that it also communicated to the students that it was the solution process that was valued. It is noted that the teacher did highlight solution strategies that fitted with her agenda. 

Lehrer et al. (2003) stress that if such investigations are not undertaken in an early grade, they should not be skipped over, but illustrate that they can be appropriate for children in grade 5 with the making of footstrips and further development such as constructing more finely articulated subdivisions of length. Lehrer et al. state that research indicates that development of conceptual understandings of measurement does not happen spontaneously with age, but requires use of investigations focused on developing students’ thinking. Indeed, as students have more measurement experiences and explore the range of measurement attributes, challenges remain in focusing on, and further developing, key understandings. 

Measurement poses challenges for teachers and children

The teaching of measurement poses challenges for teachers. Children’s needs are identified, appropriate activities with a clear mathematical focus are selected, materials are made ready, and the lesson is taught. Because of the need to develop key measurement understandings as well as the skills of measurement, the teacher plays a major role in facilitating children’s learning. For example, during a measurement lesson the teacher asks questions and helps children to notice key ideas of measurement. These actions are informed by teacher knowledge of how children learn, of their own children’s understandings and of appropriate pedagogy (e.g., Shulman, 1987). As suggested above, they are informed also by knowledge of key ideas of measurement and of an understanding that although measurement may appear simple, it involves complex mental activity. As stated by Lehrer et al. (2003), our goal is to “help children develop a theory of measure, as well as practical knowledge of tools such as rulers [so that children will be able to] invent or adapt their ideas to new situations” (p. 103). It appears that there exists “[n]o clear cut ‘best’ sequence of instruction … in any domain of measure” (Lehrer 2003, p. 190), but research does suggest that focusing on big ideas of measurement can help children develop conceptual understandings as well as procedural knowledge. 
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