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Shaping Shape in Space

Marj Horne

Australian Catholic University

The development of understanding of the concepts of shape is an important part of the space strand of the curriculum.  It requires an understanding of the properties of the different geometric shapes as well as curriculum ideas for working with children.  The development of the background knowledge of shape as well as approaches to teaching are important in assisting children to a sound grasp of geometry.

Introduction

A couple of months ago I had occasion to be working with a group of teachers in a medium sized primary school on the topic Space.  The teachers covered the full range from P - 6.  Early in the session we used a simple activity which involved cutting a small nursery square of paper in two diagonally then making a shape with the two triangles so formed so that they joined along a complete edge. Fig 1 shows the types of shapes made.

[image: image32.bmp]
Figure 1.  Shapes made from 2 pieces cut from a square.

In discussing the activity the teachers named the shapes they had in front of them.  I was not expecting the exchange that followed.  All were agreed that the first shape was a square.  There was some discussion of the second shape.  Was it a diamond?  Perhaps it was a rhombus?  What is a rhombus?  (No answer).  The decision was made that it was a parallelogram.  The third shape caused even more discussion.  It was a diamond.  Was it a square? No – it was a diamond.  No - it couldn’t be a diamond because it was a square just turned around.  Could a square also be a diamond? What exactly is a diamond?  A baseball diamond is also a square – isn’t it?  During all the discussion the surprising thing was that no reference was really made to any of the properties of the shapes. There was no attempt made to define any of these shapes and even less common names such as rhombus were not related to properties.

This discussion disturbed me because it seemed that the teachers’ knowledge base was not sound.  What was their thinking?  It seems to me that if we are going to teach children mathematics we need to understand the mathematics we are teaching and we also need knowledge of how children learn mathematics.

In the discussion the teachers were identifying shapes through recognition of a similarity to a visual image rather than through consideration of properties. The defining characteristic was that the shape looked like another rather than shapes being defined through consideration of properties.  This approach can lead to a lack of clarity in thinking about shapes and to some of the common misunderstandings.  For example in their discussion of diamond and square the only difference in the two shapes was the orientation.  It was clear that the orientation of the shape affected the way in which it was seen and interpreted.  Part of the problem arises from the use of common language terms such as diamond which carry particular images.  The development of understanding of the shapes, their properties and the interrelations between them is something those teachers appeared to need in order to teach shape effectively.

Understanding shape

Van Hiele levels of understanding in Geometry can assist us to see some development in children’s learning.  The first three of these levels (0-2) are particularly relevant to children in primary school and level 3 is relevant to some and to their teachers.  (For further levels and description see Clements & Battista (1992) and Horne (1998))

Level 0.  Precognition. (not part of the van Hiele structure but added by Grouws (1992) as a pre-level 1).  Shape is perceived but only with a subset of characteristics.  For example, no differentiation between a square and a circle as both are closed shapes or differentiation between a square and a circle but not a square and a triangle by the characteristic of straight sides as opposed to curved sides. 

Level 1.  Visual.  Shape is identified and operated on according to appearance. Identification is based on the congruency of visual properties.  E.g. it is a cube because it looks like a box or it is a rectangle because it looks like a door. 

Level 2.  Descriptive/Analytic.  Shapes are characterised by their properties.  The focus is on relationships within classes rather than relationships between.  A cube is now a cube because it is three dimensional with all faces the same sized squares.  

Level 3.  Abstract/Relational.  Students are able to deal with abstract definitions understanding the idea of necessary and sufficient conditions, recognizing a hierarchy, and reasoning about the properties of classes of figures.  Logical argument is part of this level.

In the example earlier the teachers in their discussion were demonstrating a level 1 understanding.  They did not use the properties of the shapes and appeared unsure about the defining shapes by their characteristics.  Young children’s learning also show this stage.  When a concept is introduced to young children it is usually through experiences showing them examples of that concept.  If their experience is limited then the concept development is also restricted to one or two stereotypes examples forming the concept.

For example some young children involved in classifying shapes recently made a number of piles.  The children placed the shapes we know as triangles in separate piles (shown in figure 2).  The children referred to the first pile as triangles but they were unsure what to call the second pile.  One child suggested half triangles (note 1).  These children are classifying on the basis of “it looks like” but the images they have been shown are generally close to equilateral triangles.  One child implied that there was not enough room inside for the thin ones to be triangles.
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Figure 2.  Two different groups of shapes.

In presenting triangles to children we need to be very clear about what a triangle is and ensure in our presentations that we include many different sizes, shapes and orientations as in figure 3.  This is to avoid knowledge being based on just recognition of a limited number of stereotypes.  Because most understanding of shape (and many other concepts) comes from experience it is important to experience both many different sizes and shapes of triangles and shapes which are not triangles. Examples of non-triangles include shapes with curved lines but 3 sides, shapes with more sides and non-closed shapes.  This may take place over a number of years as the concept is refined just as the concept of "red" is refined over the years.

[image: image34.bmp]
Figure 3.  A range of triangleWorking on background knowledge.

At a later time classification occurs within the family of triangles as different types of triangles are introduced.  This can give rise to a misunderstanding.  While we classify triangles as isosceles, equilateral and scalene, these first two are not mutually exclusive.  An isosceles triangle is a triangle with (at least) two sides the same length.  An equilateral triangle has three sides the same length  (It is also isosceles because it has two sides the same length).  This means an equilateral triangle is a special case of isosceles triangles.  A scalene triangle cannot be isosceles or equilateral as it has no sides the same.  These classifications within the family of triangles should come much later in a child’s experience than the original concept of triangle.

Figure 4 shows a diagrammatic representation of the family of triangles.  Notice that right angled triangles can be either scalene or isosceles.  The sizes of the circles and ellipses in the diagram are irrelevant.

The definitions above have been given in terms of lengths of sides.  The angles can be considered properties.  For example if a triangle has three equal sides (equilateral) it also has the property of three equal angles.  As soon as one of these is known the other is automatically known.  Similarly if a triangle has three equal angles it must have three equal sides.  It also happens that these angles must be 60o.
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Figure 4.  The family of triangles.

If a triangle has two equal sides it is isosceles and therefore must have two equal angles.  Similarly if a triangle has two equal angles it must have two equal sides and so is isosceles. 

Confusion about classification of shapes is more commonly noticed among the family of quadrilaterals.  Many written worksheets with activities for young children incorrectly differentiate between a square and a rectangle.  A square is, among other things, a special case of a rectangle.  This will be further discussed after looking at the family of quadrilaterals.

A quadrilateral is a closed planar shape with four straight sides.

A trapezium is a quadrilateral with (at least) one pair of parallel sides.  See Figure 5.  (The arrows are to show parallel)
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Figure 5.  Two trapezia.

An isosceles trapezium has one pair of parallel sides with the other two sides equal in length but not parallel.  This means it also has the angles on either one of the parallel sides equal as shown in Figure 6 (It is an isosceles triangle with top cut off parallel to the base). This means that the properties of an isosceles trapezium include two pairs of adjacent angles are equal and the diagonals are equal in length.  (The same mark on two sides is meant to indicate same length.  Similarly the same mark on angles indicates same size.)


Figure 6.  An isosceles trapezium.

A parallelogram, as shown in Figure 7, is a quadrilateral with two pairs of parallel sides.  The two pairs of parallel sides gives the name parallelogram.  Because of its parallel sides it also has the properties of opposite sides equal and opposite angles equal.  Its diagonals are not necessarily of equal length but they bisect each other (cut each other in half).


Figure 7.  A parallelogram

One special case of a parallelogram arises when all four sides are equal and this produces a rhombus.  To define a rhombus the minimum information is four equal sides.  If a quadrilateral has four equal sides it must also have the properties of opposite sides parallel and opposite angles equal.  Its diagonals bisect the corner angles, bisect each other and also bisect at right angles (but are not necessarily of equal length).  

Sometimes this is called a diamond in common language but it should be presented with different orientations.  A square is a special rhombus and notice that a baseball or softball diamond is actually a square.  Diamond is not a mathematical term.

A rectangle can be defined in different ways.  The name implies right angles and thus it can be defined as a quadrilateral with all right angles (note that it only needs to be known to have 3 right angles as if it has 3 it must have four).  A rectangle is also a parallelogram as it has opposite sides parallel and hence has opposite sides of equal length.  A rectangle has the property of its diagonals being of equal length as well as bisecting each other.

It is important to present rectangles with different orientations and many without horizontal and vertical lines.  Figure 8 shows a group of rectangles of differing sizes and shapes with some showing non-horizontal and non-vertical lines


Figure 8.  A family of rectangles

A square is both a special case of a rhombus and a special case of a rectangle.  It is usually defined as having four equal sides and one right angle.  (If it has one right angle and equal sides it must have four right angles).  Its properties include those of the rhombus and the rectangle so its opposite sides are parallel, opposite angles equal (all are equal), diagonals are of equal length, bisect the corner angles and also bisect each other at right angles.

A kite is a quadrilateral that has two pairs of adjacent sides equal.  Two often it is seen as only having one orientation and being more like the shape of the second kite in Figure 9.


Figure 9.  A family of kites

I have not put the equal length markers on all the diagrams as I think the equal sides show clearly.  A rhombus is a special case of a kite as it has two pairs of adjacent sides equal (in fact the pairs are also equal to each other).  Properties of kites are that the two angles not between the equal sides are equal, the diagonal joining the vertices between each of the equal sides bisects the angles and bisects the other diagonal at right angles (or its extension does in the case of the concave kite).  This is shown in figure 10.  A diagrammatic version showing how these quadrilaterals all fit together (a Venn diagram) is shown below in figure 11.


Figure 10.  Two kites showing properties.


Figure 11.  The family of quadrilaterals.

Figure 11 shows the growth in complexity of properties as well.  The square has many more properties than the trapezium.  Another aspect that needs to be stressed is the difference between properties and defining features.  For example a rectangle is a quadrilateral with all its angles right angles.  Other aspects can be regarded as properties.  While they are true they are not part of the definition and can be shown to follow from the definition.  However there are many sets of necessary and sufficient conditions for a rectangle.  For example if a quadrilateral has its diagonals equal in length and bisecting each other, it must be a rectangle.  Full understanding of the classification of shape comes with the understanding of the relationships between all the characteristics of the shapes and the relationships between the shapes themselves.

A final note

Teachers’ knowledge affects the materials they present to children both in range and complexity.  Without intending to they can thus limit the children they are teaching.  The knowledge base above is not presenting material as it should be taught to children but rather the knowledge base teachers should have so that they can see where the curriculum is moving.  The knowledge base should include not just the mathematics but also knowledge of children’s learning in that area of curriculum.  For shape the knowledge needs to go beyond the teacher being able to carry out the procedure of naming shapes to an understanding of the defining characteristics of different shapes, their properties, and the relationships between them including dynamic transformations moving from one shape to another.

This is supported by the recent work of Liping Ma (1999), who, in a comparison of American and Chinese teachers, strongly indicated that differences in the teachers’ understanding of mathematics may play a critical role in differences in the children’s development of mathematical concepts.  Her work indicated that poorer results from American students could be caused by the poor understanding of mathematics shown by American teachers.  Many showed only a procedural understanding of the mathematics they were teaching rather than a relational understanding.

In order to improve our students’ understanding of mathematics we need to improve our own understanding and this is equally true in Space as it is in Number and Measurement.
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FIRST EXPLORATIONS WITH GEOMETRY ON THE TI-92

Marj Horne

Australian Catholic University

The use of technology such as calculators and computers with specific geometry software allows the development of some geometric ideas through experimentation.  Geometry programs such as Cabri Geometry and Geometer’s sketchpad enable constructions and measurements to be made on a basic shape.  The original shape can be altered with the constructions remaining intact in relation to the new shape.  Findings about these constructions and measurements can be explored on the many new shapes created.  For example if a basic triangle is drawn, constructions of the three medians show that they appear to meet at a single point.  Moving one corner of the original triangle creates a new triangle and the medians of it also appear to meet at a single point.  While not proof, this experimental investigation of many triangles dynamically enables students to check any hypothesis for reasonableness.

[image: image38.jpg]Imagery and Mathematics Learning

The student who can construct and transform images
is likely to be successful in doing mathematics.

There is compelling evidence that imagery plays a significant role in
mathematical reasoning (Reynolds, 1993; Sfard, 1994). For example, a young
child using a compensation strategy for adding 7 + 5 may think of "moving"
one from the 7 to the 5 to form 6 + 6, a known fact. Or a child determining
how many one inch cubes there are in a rectangular solid 3" by 3" by 4" may
visualize the solid as composed of three layers. Whether working in a
numerical or geometric context, when students are engaged in meaningful
mathematics rather than rote computation, it is quite likely they will be
using some form of imagery (Brown and Wheatley, 1989, 1991, 1994;
Reynolds, 1993; Sfard, 1994). There is also compelling evidence that
mathematicians use imagery in powerful ways (Hadamard, 1949; Nunokawa,
1994; Sfard, 1994). Mathematics is not just a logical subject but is laden with
imagery. The word imaging is used as a metaphor for mental activity we
cannot yet fully explain in terms of neural functioning.

While engaged in mathematical activity, whether of a numeric or
geometric nature, students construct images. For example, they may be
shown a geometric figure briefly and asked to draw what they saw. When
they make their drawing, they are operating from a constructed image. The
nature and quality of the image will influence the drawing which results. If
at a later time they are asked to draw what they saw, the students then re-
present the image.

When an image is constructed, only certain features of the experience
are included (Kosslyn, 1983) . In Piagetian terms, the nature of the image
results from the way the experience is assimilated. The nature of the image
is dependent on prior mental constructions, intentions, and the situation
under which the image is constructed. For example, an image of an isosceles
triangle which has a horizontal base and a vertex angle above the base. If
this image of a triangle is the child’s only image of a triangle, then their
concept of triangle is quite limited. Children have a richer concept of triangle
when they can transform their image of triangle flexibly.
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Figure 1a. Perpendicular lines constructed by eye.
Figure 1b. Rotating the first line.

If students construct by eye rather than by using the appropriate construction tools, the movement of one of the basic points of the original will not preserve the aspect intended by the construction.  For example if a student trying to construct a pair of perpendicular lines does so by creating one horizontal and one vertical by eye, then moving one of the two points used to construct the line will destroy the perpendicular relationship between them (see Figures 1a and 1b).  The use of the appropriate construction tool, in this case using perpendicular line in the F4 menu, will preserve the relationship between the two lines when one is rotated (see Figures 2a and 2b).

[image: image3.png]


  [image: image4.png]



Figure 2a. Perpendicular lines using menu F4.
Figure 2b. Rotating the first line.

Children in Years six and seven at school are capable of coping easily with the technology required to explore geometry in this way.  The following description is of a class using their calculators for geometry (from a class set of calculators).  The class are eleven year olds who have not used these calculators before, or seen this type of geometry software. The topic is an introduction to angles, triangles and quadrilaterals.

A year 6 class experience
Children arrive in class with a range of previous knowledge.  They have had experiences and have developed already ideas and concepts related to most topics that are taught.  The class teacher began the class by finding out what the class knew about angles.  Cars and skateboards provided the context for the first discussion with the teacher play acting driving her Ferrari (this was the car that many in the class said they would really like).  A quick spin in the car so that it continued to move in the same direction but backwards, with the question to the class about what just happened, brought the response “You just did a 180”.  A few more acts modelled “a 360”, “a 720”, another “180” and “a 540”.  After modelling “a 90” the discussion moved to what the numbers meant.  The students explained it by saying that a full turn was “360” and all the other angles were related to that.  One child suggested that the numbers were degrees and that was the way angles were measured.  This led to the measurement of angles and some practice with the protractors.
The discussion then moved to triangles, with the students imparting all that they knew about triangles.  They had heard the words equilateral and isosceles before and many had some idea what they meant.  The teacher asked everyone to use a ruler to draw a large triangle on a sheet of paper and then measure the angles.  They added up the three angles they measured and all found that they were close to 180o, though many were not exact.   They discussed the difficulties they had of measuring exactly and the students swapped triangles and measured each other’s triangles.
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Figure 3a. Menu for choosing Geometry
Figure 3b. Opening a saved file in Geometry

To finish the class the teacher had set up on an overhead projector a graphic display unit to which a calculator was attached and also had a poster of the keyboard on the wall.  The demonstration initially showed how to turn the calculator on, how to access Cabri (shown in Figure 3a), and how to open a saved page (Figure 3b).  The page had a triangle labelled ABC (Figure 4a).  The students were shown how to measure the angles on the calculator (the menu for F6 is shown in Figure 4b.) using the nomenclature of (ABC (Figure 4c), (CAB (Figure 4d) and (BCA (Figure 4e).  They were also shown that calculations adding two and three angles could be done (Figure 4f, Figure 4g) and that the triangle could be altered by shifting one corner with the “hand” (Figure 4h).  As the triangle was altered they watched the two totals which had been created on the side.  They noticed that when the triangle changed the sum of the two angles kept changing but the sum of the three angles stayed 180o all the time.  The class finished with the information that the next period they would be doing this for themselves.
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Figure 4a. Triangle ABC.
Figure 4b. Menu for measuring angles.
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Figure 4c. Measuring (ABC. 
Figure 4d. Measuring (CAB.
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Figure 4e. All measured angles.
Figure 4f. Calculating the sum of the three angles.  
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Figure 4g. The sum of the angles at A and B.
Figure 4h. Moving point B changes the sums.

The following period as the students arrived they were given one calculator between two.  Much to the teacher’s surprise by the time everyone was seated and she was ready to start the lesson, the majority of pairs already had the geometry running, had loaded the triangle from the previous class and were starting to measure the angles.  The lesson began with a brief review of how to access the file; questions to elicit from students how to measure angles and how to calculate the sum of angles; and a request to the students to record in their books what they discovered.  During this the teacher moved around assisting where necessary and asking questions of the students to see what they discovered.  This triangle that they were investigating was a general triangle labelled ABC.  When the majority of groups had finished their recordings the teacher asked them to compare what they had found out about the sum of the angles with what they had found the previous day from their own measurements.  They discussed the differences and were quite comfortable with the idea that the differences were small and could be due to small errors in reading the angle measures from the protractor.  The teacher then showed them how to fold their triangles so that the three corner angles came together on one side and made a straight angle.

The lesson continued with the teacher showing the students how to measure lengths on the calculator (Figure 5a) and telling them that there were three other triangles (as files) to investigate during the remainder of this period and the next period.  She asked them to write down everything they could find out about each triangle including the triangle ABC that they were looking at now and to record it all in their books.  
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Figure 5a.  Measuring length for (GHJ.
Figure 5b.  Changing the size and shape of (DEF.
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Figure 5c.  The equilateral triangle (KLM.

The triangles investigated were (DEF, a right angle triangle (Figure 5b); (GHJ, an isosceles triangle (Figure 5a); and (KLM, an equilateral triangle (Figure 5c).  For each one, the students measured angles and sides and tried adding two and three angles together.  With the different nature of the context of the class the students were keen and tried many different things.  One telling point for the teacher was observing a girl who usually did poorly in mathematics and rarely participated.  She was investigating the right angle triangle and had written down that two of the angles always added to 90o.  The teacher commented on this finding saying that it was interesting.  The girl looked at her, almost scornfully, and stated “ Of course they do.  One angle is 90o so the other two must add to 90o since the angles of a triangle add to 180o.”  The teacher retreated happily.

During these three lessons the students enjoyed measuring and recording their findings.  Towards the end of the third lesson the teacher asked the pairs of students to present what they had found with the others in the class.  In the ten minutes remaining in the class the teacher showed the students the other menus and challenged them to draw their own isosceles triangle.

Follow up lessons and other challenges.
· In lessons following the one above the students can be challenged to create their own equilateral, isosceles and right angled triangles that retain their properties on moving a vertex.  This requires a lot of experimentation and thought as the students become used to using the variety of construction tools available and keep asking themselves (with the teacher’s encouragement) “How do I know I have what I wanted?”.

· Using the same approach as for the triangles task described in the lessons above, create a file for each quadrilateral for students’ investigation of properties of squares, rectangles, kites, rhombi, parallelograms, and trapezia.
· Challenge students to construct a particular quadrilateral that will retain its properties upon movement of a vertex.  This is quite a high level task and is difficult for many students, some of whom are still operating at the stage of “it looks like it so it is” without recognising the necessity of ensuring that the relationships of interest are preserved when the shape is dynamically changed.

Conclusion

The use of a technology tool like Cabri in geometry allows exploration and enables shape to be seen as dynamic.  Learning geometry in this way also encourages thinking about relationships between aspects of the shapes and the making of hypotheses.  The classroom story told shows the use of powerful tools of exploration being used in geometry with children who are relatively inexperienced with both geometry and the technology.  One aspect of mathematics that is valued in both the real world and in the CSF is the process of observing, conjecturing, hypothesising and testing that leads to greater understanding of relationships.  This software package either on a computer or the TI-92 is a powerful aid to this in the area of geometry.
Kites and Other Patterns. 
Marj Horne

Australian Catholic University
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A simple kite, based on a tetrahedral shape, can be made by children and flown.  The mathematics involved in this task includes not only the spatial aspects of the tetrahedron but also a series of number patterns which can be generated.  The construction of larger and larger kites by joining smaller ones also leads to a fractal, a three dimensional version of Sierpinski's triangle, being created.  The kite making was seen at the 1996 NCTM conference in San Diego.

The Construction.

The basic kite is made by joining four tetrahedral units.  Each unit requires 6 plastic straws and three lengths of string (smooth light string is best), one about five straws in length and the other two at least two straws in length.  It also requires a piece of tissue paper larger than two adjacent equilateral triangles with side length the same as the straws.

Step 1.
Thread the long string through three straws (sucking will assist the string through the straw).  Tie the string so that an equilateral triangle is formed with one of the loose ends about 10 cm longer than a straw.  Tie one end of each of the other strings to one of the other two corners so that each corner has a long string attached.  Thread these three strings through the remaining straws and tie at the top to make a tetrahedron.


[image: image18]
Figure 1.  Forming the base of the tetrahedron

Step 2.
To cut the tissue make a template by accurately drawing the two triangles on a piece of paper then drawing flaps for gluing as in the diagram.  The tissue does not need to be cut really accurately and the flap shape can be made easy to cut.  The tips of the corners are also not necessary.


[image: image19]
Figure 2  Rough template for sails.

Step 3.
Fold the tissue down the centre line (marked), lie the tissue open flat on the table, place the tetrahedron with one straw on the fold and glue the flaps over the other two straws of the base.  Turn the tetrahedron to glue the tissue over the second face.  

This completes the first unit.  Four of these units (at least) are needed for a kite.  Join the four units as in figure 3 to make the kite, taking care to keep all four "sails" with the same orientation.


[image: image20]
Figure 3.  Combining the basic units.

To fly the kite the axis on the left in this figure becomes the bottom of the kite.  A long string (wound around a toilet roll tube) needs to be attached and students can experiment with tails.

The Mathematics

Many questions can be asked about solid shapes as the lesson leads into the construction.  Discussion can ensue about the following:

1.
tetrahedrons and the derivation of the name.  It is important children realise that the name tetrahedrons refers to a group of shapes and not just the regular one.

2.
other names for the same shape (triangular pyramid) and how solid figures are named.

3.
the faces and their shape.

4.
the number of faces, edges and vertices and Euler's formula.  Euler's formula  E = F + V - 2, where V stands for the number of vertices, F for the number of faces and E for the number of edges is actually not always true but it is true for most polyhedra and certainly for the simpler ones.

5.
the aspects of this 3D shape which are regular.

6.
the other four other regular solids.  The tetrahedron was used by Plato to represent fire.  The others are the cube which represents earth, the octahedron which represents air, the dodecahedron which represents water and the icosahedron which represents the cosmos.  

7.
the Archimedean solids which are like the Platonic solids with one aspect of regularity missing.

Since four of these kites can be joined to form a larger kite in the same way, and a larger one still can be made, there are also number pattern questions which can be asked about:   

1.
the number of basic units needed for each successive kite.

2.
the number of straws needed for each successive sized kite.

3.
the area of sails for each successive kite (taking the area of one triangle as 1 area unit.

4.
the fraction of the space (volume) in each kite occupied by basic (tetrahedral) units (consider the basic units "solid").

5.
other kite sizes.  It would also be possible to build a kite from 9 basic units.  This can lead to a discussion of tetrahedral numbers and other number patterns including questions such as the link between the tetrahedral numbers and the square numbers.

The discussion can develop to a discussion of a fractal.  This kite effectively builds a fractal as it grows in that any small section of a very large kite has the same structure as the whole kite.  Hence it has self similarity.  It is like a three dimensional version of Sierpinski's triangle which could also be investigated.  Another aspect of a fractal is its dimensionality.  A kite twice as large requires four units to produce it so the dimensionality =

  EQ \f(logarithm of number of units needed,logarithm of the magnification factor)   =  EQ \f(log4,log2)  = 2.

This means we have a shape which clearly occupies part of three dimensions rather than two but which has a dimensionality of 2.

Conclusion
An activity like kite building can lead into a number of areas of mathematics at many different levels and provide an impetus for further investigation as well as just being fun.  As those who set up the Task Centre Project would say "It is the tip of the iceberg".  It is also an activity which can involve a number of areas from the Curriculum Standards Framework (Board of Studies, 1995) and be used at many different levels.  Year 10 students and grade 5 students would both enjoy it, could learn some mathematics from it and could receive an appropriate challenge from it.
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What an individual constructs depends on his or her mental schemes (images) formed from prior experiences.  The lines drawing shown in Figure 2 was presented briefly to a class and they were then asked to draw what they saw (Yackel and Wheatley, 1990).  This figure was described as two squares, a small square and two trapezoids, a hallway, a skylight and a pyramid with the top cut off.  Some individuals constructed an image of regions and others of joined segments, some two-dimensional and some three-dimensional interpretations.  Even though the same figure was presented in the same manner to individuals, the nature of the images constructed varied greatly.
[image: image21.png]Figure 2. Quick Draw figure.
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[image: image22.jpg]Learning from Students’ Drawings

In designing activities for students, it is important to infer what the
students know. Using our knowledge of students thinking we can choose
tasks which are challenging but possible. Much can be learned about
students’ imagery and conceptualization by studying their drawings made in
a Quick Draw setting. Their drawing activity provides a window into their
minds. Students' activity is greatly influenced by their concepts and images.
While we as adults may "see" a cube in the figure below, to some children it
may be the shape made by three Pattern Blocks.

Fig. 3. Quick Draw shape.

Students do not just copy a figure using a photographic image of it. The
image constructed is constrained by what the child knows. If a child's
concept of triangle is a shape with a horizontal base and two segments
slanting down to it, she may have difficulty drawing a right triangle.

Examples of students' actual drawings made in a Quick Draw setting
are presented and discussed below. You are encouraged to analyze the
drawings your students make.

Fig. 4. Joan’s drawing and QD shape shown.

Students draw what they "see." As shown in Figure 4 above, Joan drew
two triangles because that is what she "saw" (mentally constructed). Rather
than constructing an image of the whole figure, she partitioned it into two
parts. It appears that Joan constructed the shape of a right triangle, since
each of the triangles are nearly right triangles yet she did not construct the
orientation of the triangles: there are no horizontal segments in her figure.
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Figure 5. Mandy’s drawing and QD shape shown.

It is very difficult for many primary grade students to draw a right
triangle. Mandy drew two acute triangles with a common side (see Figure 5).
There is no evidence in the drawing that she constructed any right angles, in
fact, she most likely "saw" what we would call acute triangles.

Notice the path. She began at the top and drew the line down to the
right, then the roughly horizontal base but, most strikingly, she continued
up, slanting to the right, to complete her triangle. For her, triangles have
sides slanting down to a horizontal base. The figure is completed by drawing
two segments on the left. The top segment is not horizontal since again, she
is drawing what she has conceptualized as.a triangle.

This task has the potential of creating a perturbation, which can lead to
a mental reorganization, a reorganization which may result in the concept-
ualization of a right triangle.

Fig. 6. David’s drawing and QD shape shown.

The typical way of drawing a triangle with a horizontal base and two
sides slanting down is quite dominating for many persons. David drew two
acute triangles with no indication of any construction of right angles. The
triangle on the right is nearly equilateral and likely is a depiction of his
concept of triangle. The triangle formed on right is the "normal" orientation
of a triangle. The top side of the triangle on the left is not horizontal as it
was in the figure shown, perhaps because, for David, the triangle is “upside
down.” Also there was no attempt to form a vertical segment - triangles were
constructed and the vertical orientation of this segment was not part of the
mental construction.
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[image: image27.jpg]Quick Draw Directions

Quick Draw is designed to develop spatial sense, encourage the transformation
of self-constructed images and develop geometric intuitions through discussion.

Quick Draw Should be used with the whole class. Overhead trans-parencies can
be made from the blackline masters provided. Each pupil should have unlined
paper and pencil. You may have them draw horizontal and vertical lines to divide
the paper in fourths so they can make four drawings on one sheet. Show the firt
design for about three seconds. Say, “/ am going to show you a shape for three
seconds and | want you to build a mental picture you can use to draw what you
saw.” Avoid the temptation to show it for a long period of time - - it is important
that students work from imagery rather than copying what they are seeing. Say,
“Draw what you saw.” The students should have their pencils down during the
presentation. At first you may get complaints about not having enough time.
After a few moments show the shape again. Show again briefly if you feel it is
necessary. This will only be necessary for more complex figures. Three times is
unusually sufficient and two times is the norm. When siudents seem to be
finished with their drawings, show the shape on the overhead so students can
compare their drawing to the actual picture. With the design in view, ask “What
did you see?” At times you may want to follow-up with “How did you draw it?
What did you draw first?” This talking about mathematics encourages students
fo reflect on their imaging. Ask students to name the geometric figures they see.
Geometric language will be used naturally.  You may wish to supply
mathematical name for such objects as trapezoids and parallelograms as needed
by the students for communication. Much geometry can be learned through
Quick Draw.

Follow the same procedure fo reach design. Present several shapes in a
session. Be sure fo use this activity initially for at least three days and then
incorporate it with other topics throughout the year. This is an excellent activity
with which to begin class. The figures in this book are organized in seven levels.
There is a progression in complexity of the figures through the levels but there is
considerable variability at each level. Some schools may wish to designate
certain levels to be used at particular grade levels so that student swill not see
figures they have drawn before. Select a design to present using your judgement
of the appropriate level of complexity for your class. You will note broad
individual differences in the students’ initial drawing and descriptions.

As you use this activity, note the improvement in student’s drawings and verbal
descriptions. Also not individual differences. Some students may be very good
at this task but not at arithmetic. Pay particular attention to the students who
excel at this task since they may have unrealized mathematical potential.
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TEACHER MATERIALS AND PREPARATIONS: STUDENT MATERIALS-

1. Three or Four Quick Draw
Transparencies.

2. Overhead projector (OH)
3. Blank paper for covering

1. A pencil
2. unlined paper divided

like this:

“I will show you a shape for only a few seconds. Try to make a
mental picture so you can draw it after | turn off the projector.
Ready? On the count of three, ONE, TWO, THREE.”

Turn on OH. Show the line pattern for 3 seconds. Turn off OH.
When most people have drawn all they can, prepare to show it to the
students again.

“1 will now give you another look. Ready?”

Show for 3 seconds.

When most people have drawn all they can, tum on the OH and leave it
on.

Some students will be able to draw it looking at the shape when they could
not draw it otherwise.

‘Whole
class

The discussion of their drawings is the heart of the activity.
“What did you see and how did you draw it?”
Encourage students to talk about their drawing. Do not rush the
discussion.

Let it continue as long as new ideas are being put forth. Some students
will be inspired by what others say. It is not unusual for five or more
different ways of seeing the figure to be described.

Whole class
discussion
















Permission to reproduce these materials is granted solely for the purpose of demonstration by facilitators and use within the classrooms of workshop participants. Research, samples and resources related to QuickDraw can be found at www.mathematicslearning1.net or www.thinking101.ca.
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isosceles trapezia





trapezia





kites











parallelograms








squares





rhombi





rectangles





Isosceles triangles which are also right angled triangles.





Isosceles Triangles





Equilateral Triangles 


(which are all also isosceles)





Right Angled Triangles





Scalene Triangles





All Triangles            *the triangles in the diagram are just exemplars.








